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Abstract—We intr oduce an empirical Bayesian procedure for
the simultaneous segmentationof an obsewved motion eld and
estimation of the hyper-parameters of a Mark ov random eld
prior. The new approach approach exhibits the Bayesian appeal
of incorporating prior beliefs, but requiresonly a qualitative de-
scription of the prior, avoiding the requirementfor a quantitative
speci cation of its parameters. This eliminates the needfor trial-
and-error strategies for the determination of these parameters
and leadsto better segmentations.

Index Terms: motion sggmentation layeredrepresentationgem-
pirical Bayesianproceduresestimationof hyperparametersstatisti-
cal learning, expectation-maximization.

|. INTRODUCTION

The problemof motion representatiotis closely relatedto
that of scenesggmentation,and ef cient motion estimation
solutionsmust be capableof jointly addressinghe two com-
ponentsThis obsenationhasled to a generatiorof algorithms
which iterate betweenoptic ow estimationand segmenta-
tion [6], [9]. Froma statisticalperspectie, suchalgorithmscan
be seenas variations of the expectation-maximizatiofEM)
algorithm [3]. EM-basedapproache$ave various attractves
for sgmentationsuchasproceedindy takingnon-greedysoft
decisionswith regardsto the assignmenbf pixelsto regions,
or allowing the use of sophisticatedpriors, such as Markov
random elds (MRFs), capableof imposingspatial coheence
on the sggmentation[8], [10], [11]. The main dif culty is,
however, that such priors typically have parametersvhose
valuesare dif cult to determinea priori. In practice,these
parameter&re commonlysetto arbitraryvaluesor adaptedo
the obsened datathroughheuristics.

In this work [8], we exploit the fact that EM is itself
suitedfor empiricalBayesianEB) [2] dataanalysisto develop
a framework for estimatingthe prior parametersthat best
explain the obsened data. This eliminatesthe needfor trial-
and-errorstratgjies for parametersetting and leadsto better
segmentationsn lessiterations.

Il. BAYESIAN AND EMPIRICAL BAYESIAN INFERENCE

Assume an obsener making inferencesabout the world
property , given the image feature . Underthe Bayesian
philosophy propertiesn the world arerandomvariableschar
acterizedby probability densitiesthat expressthe obserer's
beliefin their possiblecon gurations.All inferencesarebased
on the posteriori density
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where is aparametethatcontrolsthe shapeof the property's
prior.

Since obsenation of the data merely re-scalesprior be-
liefs [5] it is importantto get the priors right, a task which
is generallydif cult in practice.Typically, one doesnot have
absolutecertainty aboutthe shapeof the prior or how to set
its parameterswhich must be thereforeregardedas random
variables.That is, insteadof (1) inferencesshould be based
on

)

While from a perceptuaktandpointsucha hierarchicalstruc-
ture hasthe appealof modelingchangef prior beliefaccord-
ing to context (differentcontexts leadto differentvaluesof ),
from a computationaktandpointit signi cantly increaseshe
complity of the problem.After all, the parameter®f
arethemselesrandomvariables aswell asthe parametersf
their densitiesandsoon. We arethereforecaughton a endless
chain of conditional probabilities which is computationally
intractable.

The solution suggestedy the EB philosophyis to replace

by the estimate that maximizesthe maiginal distribution

. Inferencesare then basedon (1) usingthis estimate.

While, strictly speakingthis approachviolatesthe fundamen-
tal Bayesiarprinciple thatpriors shouldnot be estimatedrom
data,in practiceit leadsto moresensiblesolutionsthansetting
priors arbitrarily, or using priors whose main justi cation
comesfrom computationalsimplicity. More importantly it
breaksthe in nite chain of probabilities mentionedabove,
while still allowing context-dependenpriors.

Because prior parametersare related to observedim-
age features by hidden world properties,

, the maximization of ts natu-
rally into an EM framework. Hence,the EB perspectie not
only supportsthe recenttrend towards the use of EM for
segmentation,but extendsit by providing a meaningfulway
to tunethe priors to the obsened data.

I1l. DOUBLY STOCHASTIC MOTION MODEL

Our approachto image seggmentationis basedon linear
parametricmotion models,accordingto which the motion of
a givenimageregion is describedby , Where
is the vector of pixel coordinatesin the image

the pixel's motion, and
the parametervector which characterizeghe
motion of the entire region. This motion modelis embedded
in a probabilisticframenork, wherepixels are associateavith
classesthat have a one-to-onerelationshipwith the objects
in the scene We assumehat, conditionalon image and

plane,



the classof pixel in image , this pixel is drawn from an
independentdentically distributed (iid) Gaussiarprocess
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where is a vector of binary
indicator variableswith (where isthe vector
of the standardunitary basis)if andonly if pixel belongsto
region , theregion's motion, its varianceand the
total numberof regiong. In this work, we considerthe case
of afne motion where , is a matrix with

rows and , but the frameawork
is generic.
Denoting by the conditional probabilities

, thedependencieletweerthe statef adjacenpixels
in the imagesare modeledby an MRF prior

(4)

where

(®)

(6)

, is the setof cliquesin a neighborhoodsystem
is the con guration of the neighborsof site under
and afunction of the cliquesinvolving site
andits neighbors.
While all the resultscan be extendedto ary valid and

, we concentrateon a second-ordersystem where the

neighborhooaf pixel , , consistf its 8 adjacenpixels,
and
(7
where . Hence,
and
— 8
where is the expected number of

neighborsof site in state under , controlsthe degreeof
clustering,i.e. the likelihood of more or lessclasstransitions
betweenneighboringpixels,and the likelihood of eachof
the regions.

V. EM-BASED PARAMETER ESTIMATION

The fundamentalcomputationalproblem posedby the EB
framawork is thatof maximizingthe maminallik elihoodof the
obsered motion eld as a function of the motion and MRF
parameters

1Assumedto be known.

wherethe summationis over all possiblecon gurationsof the
hiddenassignmentariablesvector , and

is the vector of all motion parametersThe pair is
usuallyreferredto asthe completedataandhaslog-likelihood
C)

where, for simplicity, we have droppedthe dependencen

The EM algorithm maximizesthe lik elihood of the incom-
plete,obsered,databy iteratingbetweenwo stepsthatacton
the log-likelihood of the completedata. The E-stepcomputes
the so-called function

(10)

where is the vector of parameter
estimatesobtainedin the previous iteration. The M-step then
maximizesthis function with respectto  and . In general,
both stepsare analyticallyintractable.

A. Sgmentationwith knownprior parametes

The problem can be signi cantly simplied by assuming
thatthe prior parametersreknown. In this case thereareno
parameterso estimatein andthis term
canbe eliminated.Neverthelessthe exact computationof the
remaining is still a tremendouschallenge,
which can only be addressedhrough Markov chain Monte
Carlo proceduresHowever, nesting such proceduresinside
the EM iteration would lead to a prohibitive amount of
computation.

Zhang et al. [11] have showvn that if Besags pseudo-
likelihood (PL) approximation[1]

(11)

is used,thenit is reasonabldo assumethat
and, from Bayesrule,

(12)

This suggestsan iterative procedurefor the computation
of the expectationsrequiredby the E-step:at iteration , 1)
computethe conditionalassignmenprobabilities,

, sequentiallyby visiting eachof the pixels in the
imagein a pre-de ned(typically rasterscan)order assuming
ateach thatthe currentposteriorestimates of the
assignmenprobabilitiesof the neighboringpixels arethe true
mauginals , l.e.

(13)

and?2) updatethe posteriorassignmenprobabilitiesusing(12).
This is an extensionof Besags iterated conditional modes



(ICM) procedure,capableof supportingthe soft decisions
requiredby EM, andwe will thereforereferto it asiterated
conditional probabilities (ICP). It was rst proposed,n the
contet of texture sgmentationpy Zhanget al. [11].

B. Empirical BayesianSeymentation

The procedureabove hastwo major limitations. First, the
assumptiorthatthe prior parametersreknown is, in general,
unrealistic.Second with arbitrary parameteiselectionsthere
is no way to guaranteethat the posteriorestimates
corverge to the true maminals and it is dif cult to
justify theassumptiorbehindstepl). We now shaw that1) EB
estimategprovide a naturalanswerto thesetwo problemsand
2) underthe PL andICP approximationsheseestimateslo not
imply a signi cant increasdan compleity: the only additional
requirements a simple concare maximizationin the M-step,
no extra computationbeing requiredby the E-step.

1) The E-step: The evaluation of
is signi cantly simplied by the PL approximationsince,
from (11), (4), and the binary natureof ,

Furthermoreunder ICP, whenever a pixel is visited is
approximatedby which, as shavn by (13), has no
randomcomponentsHence,

(14)
ie. simply requiresthe evaluation of
the expectations , which were alreadynecessaryor the
evaluation of the remainingcomponentsof the  function.
Therefore,underthe abore approximationsthereis no com-
putationalcostin evaluating completely

2) TheM-step: The M-stepmaximizesthe functionwith
respectto both the motion and MRF parametersCombin-
ing (10), (9), (12), (14) and (3)

The maximizationof  with respecto the motion parame-
tersis a variationof the least-squareproblemfoundin image
registration[9], andsolvableby ary of the standardechniques
from the registrationliterature.In our implementationywe use
Gauss-Neton's method. The maximizationwith respectto
the MRF parameterglependonly on the rst term.Noticing,
from (4) and(5) that

wherefor simplicity we have omitted the dependencef
on , it follows that

wherewe have usedthe factthat andsubscripts
and indicateexpectationgaken over the prior ()
and posterior( ) distributions, respectiely. Similarly,

where
dient

is the covarianceof the gra-
under the prior distribution. Typically,
is a linear function of , and this expression
reducesto the third term. Since the covariance matrixes in
the summationare positive de nite, is negative de nite
overthe entireparametespaceandthe functionis concae.
This implies that standardnon-linear programmingtech-
nigues such as Newton's method will achiese its global
maximumin few iterationsand, togetherwith the fact that
no extra computationis requiredin the E-step,makesthe cost
of EB sggmentationonly mamginally superiorto that required
when the parametersare pre-set.In our implementationwe
have indeedusedNewton's methodto solve the maximization
with respectto the hyperparameters.
For the speci ¢ potentialsof (7), we have

and

from which

Hence,a stepin the direction of the gradientchanges so
that, at eachpixel, the prior assignmentprobabilities move
towardsthe posteriorassignmenprobabilitiesderivedfrom the
obsened motion. Similarly, a gradientstepchanges sothat,
at eachpixel, the expectednumberof neighborsin the same
stateasthe pixel is equalunderboththe prior andthe posterior
distributions. I.e. EB estimationsetsthe hyperparameterso
the valuesthat bestexplain the obsened data, both in terms
of assignmenprobabilitiesand averagenumberof neighbors
in the samestateasthe neighborhoods centralpixel. This not
only is intuitive, but justi es the assumptiorbehindstepl) of
sectionlV-A.

Thereremainshowever, oneproblem:a pixel whosemotion
is poorly explainedby all the modelsin will originate
zero class-conditionalik elihoodsand the correspondingpos-
terior region assignmenprobabilities will beunde ned.
To avoid this problem,we rely on the fact that a pixel which
cannotbe explainedby ary of the modelsis anoutlier, andset
the corresponding to zerofor all . Thisis equialentto
assuminga backgroundoutlier processof uniform likelihood
overthe entireparametespaceandoriginatesobustestimates
without increasingthe compleity of the M-step[4].

V. EXPERIMENTAL RESULTS AND CONCLUSIONS

We testedEB motion seggmentationon various video se-
guencesstarting with a synthetic sequencehat allows ob-
jective performanceevaluation. The sequences a realization



Fig. 1. Segmentationof a syntheticsequenceFrom left to right: rst frame,segmentationafter , ,and EM iterations.

Fig. 2. Evolution of several parameter®f the motion modelas a function of the EM iteration: a) distancebetweenparameteestimatesand true values,b)

varianceof the Gaussiamassociatedvith eachmixture componentgc) clusteringparameter , andd) percentagef pixels classi ed as outliers.In a) and b)
eachcurwe correspond$o one componenbf the mixture model.

Fig. 3. Segmentationobtainedfor threesequencesvith diversecharacteristicsTop: rst frame of eachsequencebottom: segmentation.

Fig. 4. Flower gardensggmentationsvith the MRF clusteringparametessetto arbitrary values(left to right , , and ).



of the model of sectionlll: a sggmentationmask was rst
drawn, using Gibbs sampling,from the Gibbs distribution (8)
with parameters . A differenttexture (constant
intensity plus additve Gaussiamoise)was then assignedo
eachregion. Finally, subsequenframesof the sequencavere
createdaccordingto (3) with

Figure 1 presentsthe sggmentationsobtainedafter ,
and iterations.The algorithm corvergesquickly to a sey-
mentationthat is visually very closeto the optimal and, as
expected outlying pixels (shavn in white) arelocatedmostly
along occlusion boundaries,where the assumptionsbehind
the motion model breakdown. We emphasizehat in all the
examplesthe sggmentationsare shovn exactly as they are
producedby the segmentationalgorithm.In fact, we have not
even tried to reassignthe outlying pixels (shavn in white in
all gures) to the segmentedregions.

Figure 2 a) shaws that the motion parameterscorverge
quickly to the true values.Quite interestingis the behaior
of the variance estimates,shovn in b): they increasein
the early iterations, but decreaseand corverge to zero as
the segmentationcorverges. This varianceincrease,and the
correspondingpreadof the associatedaussiansallows each
region to acceptnew pixels and, therefore,progresstowards
the optimal estimates.Notice that each mixture component
is subjectto a different varianceincrease whose magnitude
seemdo be a function of the error of the initial estimatefor
its motion parameters.

Yet anotherinterestingfeature,visible in c), is the fact that
the tendsto be smallin early iterationsincreasingas the
segmentatiormovestowardscornvergence andcorvergingto a
nal estimatewhichis very closeto the parametestruevalue.
Becausdower valuesof leadto a smallerconstraintfor a
pixel to bein the samestateasthe pixelsin its neighborhood,
this behaior allows pixels to move freely betweenregions
whenthereis alot of uncertaintywith regardsto the sggmenta-
tion (earlyiterations),constraininghis freedomasthe process
approachesorvergencelt is revealingto noticethatheuristic
proceduredasedon parameteupdatesyualitativelysimilar to
the onesabove have beenproposedin the literature[1], [4],
[7] asaway to escapdocal minimaandto improve the speed
and accurag of segmentationalgorithms. Theseprocedures
rely, however, on pre-de ned updating scheduleswhich are
hard to justify, and do not generalizewell acrossdifferent
typesof imagery On the other hand, the updatesassociated
with the EB frameawork have a theoreticalusti cation andare
completelydriven by the data,i.e. generic.

The MRF clustering parametercan also be viewed as
the inverseof the temperatureusually associatedvith Gibbs
distributions.Underthis perspectie, the behaior of plot ), is
that of anannealingprocesswhereoptimizationis performed
over a successiorof prior distributions with characteristics
controlled by this temperature:high temperaturesead to
approximatelyuniform prior region assignmenprobabilities
in the early iterations (allowing pixels to switch between
regions very easily), the distribution becomingmore pealed
at later iterationswherelower temperaturegre used(making
it dif cult for pixels to changestate). The EB approachis
not a true simulatedannealingprocedureasit is completely

drivenby the data.No pre-de nedschedulegrerequired,and
corvergenceis fastbut not necessarilyto a global maximum
of the likelihood of the obsened data. It exhibits however
a behaior qualitatively similar to that of simulatedannealing
which appeargo give it somerobustnessagainsiocal minima.

Figure 3 presentssegmentationsfor four real sequences
with different levels of dif culty (from pure afne motion
and small occlusion on the left, to motion that can only
be coarselyapproximatedoy an af ne model and signi cant
amountsunveiledbackgroundn theright). The advantageof
the EB approachareillustratedby Figure4, wherewe present
threesggmentation®f “Flower garden’obtainedby settingthe
MRF parameterso arbitraryvalues.The gure shows that,in
this case the sgmentationdependgritically on the choiceof
the clusteringparameter . While small valuesof clustering
leadto very noisy segmentationgleft), large valuesoriginate
segmentationswith reducedaccurag nearregion boundaries
(right). And even thoughit may be possibleto obtain good
resultsby atrial-and-errorstrateyy, we werenot ableto obtain,
in this way, a segmentationas good as or betterthanthe EB
one. For example, setting  to the value of the optimal EB
estimatethroughoutall iterationsleadsto the segmentation
shawvn in the center which is still signi cantly lessaccurate
thantheonein Figure3 (noticetheleakagebetweerthe house
and sky, and houseand o wer bed regions, and betweenthe
areasof tree detail and sky).
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