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Abstract

A layered dynamic texture is an extension of the dynamic texture that contains multiple
state processesand hencecan model video with multiple regions of di erent motion. In this
technical report, we derive the EM algorithm for the two models of layered dynamic textures.

1 Intro duction

A layered dynamic texture is an extension of the dynamic texture [1] that can model multiple
regions (layers) of di erent motion. The motion in ead layer is abstracted using a time-evolving
state process,and ead pixel formed from one of the state processeswhich is assignedthrough a
layer assignmei variable. In Section2 and Section 3, we derive the EM algorithm for learning the
layereddynamic texture (LDT) and the approximate layereddynamic texture (ALDT), respectively.

Figure 1: The layereddynamic texture (left), and the approximate layered dynamic texture (right).
The obsened pixel processy; dependert on the underlying state processes<j. Eacd pixel y; is
assignedto one of the state processeshrough the layer assignmem variable zj, which are the
elemerts of Z.

2 Layered dynamic texture

The model for the layered dynamic texture is shown in Figure 1 (left). Each of the K layershasa
Gauss-Marlov state processx; that abstracts the motion of the layer. The N obsened pixels are
assignedto one of the layers through the assignmem variable z;, which are the elemerts of Z. The



linear systemequationsfor this model are

x1 = AOxD + gV 211 Ky 1)
Vit = Ci(Zi)XEZi) + I’(Zi)Wi;t 1211 'Ng

whereCi(j) 2 R "isthe transformation from the hidden state to the obs%r\ed pixel domain for each
pixel y; and layer j, the noiseprocessesare BMwi; o N(0;Q0) and rOvI) ., N(0;r@1,),
and the initial state is drawn from x(lj) N ( );S0)). In the remainder of this section, we discuss
the modeling of Z, derive the joint log-likelihood function, and derive the EM algorithm for layered

dynamic textures.

2.1 Mark ov Random Field

In order to insure spatial consistencyof eat layer, the elemerns of the layer assignmen Z are
modeled as a Markov Random Field (MRF) [2], given by the distribution
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where E is the set of edgesin the MRF grid, ; and j; are the potential functions, and Z is the
normalization constart (partition function) that makesthe distribution sumto 1. The potential
functions ; and ; are
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which correspond to someprior likelihood of ead layer, and favoring neighboring pixels that arein
the samelayer, respectively. While the parametersfor the potential functions could be learned for
ead model, we instead treat them as constarts, which can be obtained by estimating their values
over a corpus of manually segmered images.

2.2 Log-lik eliho od function

The joint log likelihood factors as

(X5Y;Z2) = logp(X;Y;Z) (4)
= logp(YjX;Z)+ logp(X) + logp(Z) (5)
= 7 2Dlogp(yijx@;z = j)+  logp(x4)) + logp(z) (6)
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where z) is the indicator variable that z = j. Substituting for the probability distributions and
dropping the constart terms, we have
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2.3 Learning with EM

The parametersof the model are learnedusing the EM algorithm [3], which is an iterativ e algorithm
with the following steps

E-Step: Q(; ) = Eyx.zjy 1 ((X:Y:Z5))
M-Step: "= argmax Q(; ")

In the remainder of this section, we derive the E and M stepsfor the layered dynamic texture.

2.3.1 E-Step

Looking at the log-likelihood function (8), we seethat the E-step requiresthe computation of the
following conditional expectations:
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PP = By T 20 = g0 (2"

Unfortunately theseexpectations are intractable to compute in closed-form,sinceit is not known
which layer ead pixel y; is assignedto, and hencewe must marginalize over the con gurations of
Z.



2.3.2 Inference using the Gibbs sampler

Using the Gibbs sampler[4], the expectations can be approximated by averaging over samplesfrom
the posterior distribution p(X;ZjY). Noting that it is much easierto sample conditionally from

the collection of variables X and Z than on any individual xU) or zi(j), the Gibbs sampleris then
as follows

1. Initialize X  p(X)
2. Repeat

(@) SampleZz p(ZjX;Y)
(b) SampleX p(XjY;Z)

The distribution of layer assignmeits p(ZjX;Y) is given by
p(Y; XjZ)p(Z)

pzix:y) = P (1)
B(YIX; Z)P(XiZ)p(Z)
S Y IX)P(X) (12)
I BY R Z)R() (13)
I p2) piXia)) (14)
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If the z; are modeled as independert multinomials, then sampling z; involves sampling from the
posterior of the multinomial p(zjX;y;) /' p(yijX;z)p(z). If Z is modeled as an MRF, then the
p(yijX;z) terms are absorbed into the self potentials ; of the MRF, and sampling can be done
using the MCMC algorithm [2].
The state processesare independent of ead other when conditioned on the video and the

pixel assignmets, i.e.
Y Y

pXiY;iZ) = p(iviZ) = p(iY;) (15)
i j

whereY; = fyjjz; = j g areall the pixelsthat are assignedto layerj. Using the Markovian structure

of the state process,the joint probability factors into the conditionals probabilites,

. _ . Y .
px:x@jv) = px i) pixPsi ) (16)
t=2
The parameters of ead conditional Gaussianis obtained with the conditional Gaussiantheorem

3],

B ixiy) = P 80P 0 e P )
CW(ng)jxgj)l;Yj) = g;jt) g;jt) 1 gj)l;t Dl Ej)l;t (18)
where the marginal mean, marginal covariance, and one-stepcovariance are
9= ey (19)
O = coxIjvy) (20)
&= o ixiiv) (21)

which can be obtained using the Kalman smoothing lter [7, 8. The sequencex(j)ij is then

sampledby drawing x(lj)ij , followed by drawing x(zj)jx(lj);Yj , and soon.
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2.3.3 M-Step

The optimization in the M-Step is obtained by taking the partial derivative of the Q function with
respect to ead of the parameters. For corvenience,we rst de ne the following quartities,

The parameter updates are

Transition matrix;
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Transformation matrix:
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In summary, the M-step is
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3 Appro ximate layered dynamic texture

We now considera slightly di erent model shown in Figure 1 (right). Eacd pixel y; is assaiated
with its own state processx;, whoseparametersare chosenusing the layer assignmen z;. The new
model is given by the following linear system equations

( (zi) (zi) i
Xit = A¥Xe 1 F B¥vip 51211 [Ng

. 37
Yit = Ci(J)Xi;t + r(@wgy (37)

where the noiseprocessesare wit 4 N (0;1) andvit i N (O;1,). The log-likelihood factors as

logp(X;Y;Z) = logp(YjX;Z) + logp(XjZ) + logp(Z) (38)

If the pixels are assignedindependertly and identically distributed asa multinomial distribution,
then the model is similar to a mixture of dynamic textures [6]. The only di erence is that Ci(” is
di erent for eat pixel and ead layer, rather than for ead state. Again, we will model Z as an
MRF grid asin the previous section.



3.1 Joint log-lik eliho od
The joint log-likelihood of the model is given by

(X;Y;2) = Iog@(YjX;Z)+ logp(XjZ) + Iggp(z) (39)
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Substituting for ead of the distributions and ignoring the constart terms, we have
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3.2 Learning with EM

The parameters of the simpli ed model are learned using the EM algorithm. In the remainder of
this section we derive the E and M stepsfor the ALDT model.

3.2.1 E-Step

The E-step for the simple model is very similar to that of the mixture of dynamic textures [6]. The
expectations that needto be computed are

Ex.zjv (Zi(J i) = 2i(J )ki(;Jt) (44)
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Ex.zjv (Zi(j )Xi;t xi)") = 2i(j ) Iﬂi?t;)t (45)
EX;ZjY(Zi(j)Xi;t(Xi;t )" = Z(j)ﬁigjt;)t 1 (46)
where
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The rst three terms can be computed using the Kalman smoothing Iter [7, 8]. The posterior of
Zi can be estimated by averaging over samplesdrawn from the full posterior p(ZjY) MRF, using
Markov-Chain Monte Carlo (MCMC) [2],

pzjy) |/ Q(YJ'Z)IO(Z) (51)
= p(yijzi)p(Z) (52)
Y
= p(yijzi) i(zi) i (zisz) (53)
i (i5j )2E

where p(y;jz) is computed using the innovations of the Kalman Iter [7].

3.2.2 M-Step

Most of the M-step is similar to that of the mixture of dynamic textures, exceptthat Ci(j) isdierent
for eath pixel and layer. For corvenience,we de ne the quartities,
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andNj = 20 and V=" _ 29y2 . The updatesfor the parametersare

State Transition Matrix
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State Noise Covariance
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Initial State Covariance
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Pixel noisevariance:
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